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Abstract
We present several features of a cosmological model based on the Brans-Dicke-Jordan-Thirry
action which is scale invariant with a quartic potential for the Jordan scalar field. We show
that the radiation dominated era starts with a closed universe which expands exponentially and
the late radiation dominated era expands linearly. We find that there may be a scale-invariant
phase with stiff matter between these two radiation dominated eras. The introduction of matter
in the linearly expanding universe causes deceleration.
1 Introduction
The standard cosmology as formulated by Friedman-Le Maitre-Robertson-Walker (FLRW) [1–4]
has been quite successful in explaining the observed universe. As is well known, in FLRW both
radiation and matter cause deceleration of the cosmological expansion. Thus to conform with
observations, two eras of accelerated expansion must be assumed. The primordial inflation which
immediately follows supposedly radiation dominated big bang and the late acceleration which is
usually called the dark energy expressing our hope that the effective cosmological constant observed
today can be explained in terms of a related physical phenomenon.
In this paper we will consider a cosmological model based on the BDJT Lagrangian density [5–9]
given by
L =
[
−ΦR + ω 1
Φ
gµν∂µΦ∂νΦ− V (Φ) + LM
]√−g (1)
=
[
− 1
8ω
φ2R +
1
2
gµν∂µφ∂νφ− V (φ) + LM
]√−g, (2)
where φ is the Jordan scalar field and Φ is the Brans-Dicke scalar field, the two being related by
Φ =
1
8ω
φ2, (3)
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where ω is the dimensionless Brans-Dicke parameter, R is the Ricci scalar and LM represents the
contribution due to matter fields. Here we take the scalar field φ such that it does not couple to
LM . We use the metric signature (+,−,−,−) and units with ~ = 1, c = 1. We prefer to use
the Jordan definition for the scalar field since in flat spacetime the Lagrangian then becomes the
standard Lagrangian for a scalar field
L = 1
2
∂µφ∂
µφ− V (φ). (4)
We will choose the potential V as
V (φ) =
1
4
λφ4 = 16λω2Φ2, (5)
which in flat spacetime leads to a renormalizable quantum field theory. Due to the choice of scale-
invariant potential, the coupling constant λ is dimensionless, so that there are no dimensional
parameters in the BDJT part of the Lagrangian density in (1) and (2).
The homogeneous and isotropic cosmological field equations obtained from this Lagrangian
density have already been calculated for a potential V (φ) =
1
2
m2φ2 by Arik, Calik and Sheftel in
[10–12]. Thus their general form for a potential V (φ) are given by,
3
4ω
φ2
(
a˙2
a2
+
k
a2
)
− 1
2
φ˙2 − V (φ) + 3
2ω
a˙
a
φ˙φ = ρ, (6)
−1
4ω
φ2
(
2
a¨
a
+
a˙2
a2
+
k
a2
)
− 1
ω
a˙
a
φ˙φ− 1
2ω
φ¨φ−
(
1
2
+
1
2ω
)
φ˙2 + V (φ) = p, (7)
φ¨+ 3
a˙
a
φ˙+
dV (φ)
dφ
− 3
2ω
(
a¨
a
+
a˙2
a2
+
k
a2
)
φ = 0, (8)
where k is the curvature parameter with k = −1, 0, 1 corresponding to open, flat, closed universes
respectively, a(t) is the scale factor of the universe, dot denotes derivative with respect to time.
We will name (6) as the energy density equation, (7) as the pressure equation and (8) as the φ
equation.
Sen and Seshadri [13] have investigated the nature of a potential relevant to the power law
expansion in BD cosmology. In [10–12] a perturbation technique was applied to the above equations
with V (φ) =
1
2
m2φ2. In addition, exact solutions of modified BD cosmological equations have been
found by using symmetry analysis [14]. On the other hand the quartic potential, V (φ) =
1
4
λφ4
has been studied in [15] where solutions are comparable with the observed cosmological data only
for small negative values of ω for spatially flat FRW geometry. Chubaryan et al. have studied the
quartic potential with barotropic equation of state in [16]. This potential has also been studied in
[17] in the presence of a generalized Brans-Dicke parameter ωGBD(φ). Santos and Gregory have
found linearly and exponentially expanding solutions for vacuum cosmologies [18].
Although to investigate role of stiff matter in cosmology was not the main purpose of this work,
it appears in our results. An exocit fluid with an equation of state ν = p/ρ = 1 was first introduced
by Zeldovich [19]. This fluid is also called as the stiff fluid or Zeldovich fluid and gives energy
density proportional to 1/a6. Many scientists have produced cosmological models with stiff matter
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[20–28]. In addition there exist studies on stiff matter in Brans-Dicke Theory [29–31]. In an another
work a complex scalar field description of Bose-Einstein condensate dark matter was studied [32].
It has been found that the early universe evolves from stiff (p = ρ) to radiationlike (p = ρ/3). We
have obtained a similar result in our calculations.
In this paper we will present exact solutions of (6-8) with V (φ) =
1
4
λφ4 in a k = 1 closed
universe. We choose ω > 4×104 to be confortable compatible with results of Einstein telescope [33]
and time delay experiments [34]. Our starting point is to introduce a scale invariant solution. Once
we find the Jordan scalar field as a function of time, we calculate the scale-factor of the universe
for different eras by tracking the behaviour of the field forward and backward in time. Therefore
we will have three different φ(t), we will solve the φ equation for each case and we will obtain
the scale factor as a function of time for each era. These solutions result in inflation in the early
radiation dominated era, linear expansion in the late radiation dominated era and scale invariant
solution with stiff fluid between these two eras. We also show that introducing matter in the linearly
expanding radiation era causes deceleration. Then we calculate temperature-time relations for each
era we investigate. Finally we study the passage from big bang to the scale invariant solution and
the passage from the scale invariant solution to the linearly expanding solution.
2 Radiation Dominated Era
2.1 The scale invariant solution
One important property of potential in (5) is that it does not introduce any dimensional param-
eters into the Lagrangian density so that the action and the resulting equations are scale invariant.
In this part we have assumed that the relation between φ(t) and a(t) preserves the scale invariance
and is given by
φ(t) =
A
a(t)
, (9)
where A is a positive dimensionless constant. With this constraint, the φ equation becomes a second
order nonlinear differential equation.
A[−3 + 2A2ωλ− (3 + 2ω)a˙2 − (3 + 2ω)aa¨]
2ωa3
= 0, (10)
where dot denotes derivative with respect to time. To be able to solve this equation we introduce
new variable θ(t) = a2(t). Then the differential equation reduces to
θ¨ =
4ωλA2 − 6
3 + 2ω
. (11)
One can easily find θ and with appropriate choice of integration constants b1 and b2 the solution
for the scale factor can be written as
a(t) =
√(
2A2ωλ− 3
3 + 2ω
)
t2 + b1t+ b2. (12)
3
Behaviour of energy density and pressure are found to be
ρ = A2
[
6− 3A2ωλ
4a4ω
+
−(3 + 2ω)b21 + 4(−3 + 2A2ωλ)b2
16a6ω
]
, (13)
p = A2
[
2− A2ωλ
4a4ω
+
−(3 + 2ω)b21 + 4(−3 + 2A2ωλ)b2
16a6ω
]
. (14)
The term proportional to 1/a6 is the stiff matter term [19]. By using the usual continuity equation
which is satisfied by (6-8) the terms proportional to a−4 are readily recognized as radiation whereas
the a−6 stiff fluid are related to maximal pressure p = ρ without violation of positivity of energy. Pos-
itivity of both terms and real scale factor requires 3/2 < A2ωλ < 2 and b2 > (3+2ω)b21/4(2A
2ωλ−3).
We should note that constants b1 and b2 are important and they must not be chosen zero. Solutions
before and after this era will be matched by adjusting b1 and b2. We will call this phase of the
universe as the scale invariant phase.
As the universe expands the second term becomes negligible Then the equation of state becomes,
ν =
p
ρ
=
1
3
, (15)
as it should be in the radiation dominated era.
2.2 Linearly Expanding Radiation Dominated Universe
As time increases its effect in (12) becomes larger so we can make the assumption
φ(t) =
B
t
. (16)
Then φ equation becomes
4ωBa2 − 6ωBtaa˙+ 2ωλB3a2 − 3Bt2(aa¨+ a˙2 + 1)
2ωt3a2
= 0. (17)
Firstly we set a2 = θ in the above equation and we obtain
t2θ¨ + 2ωtθ˙ − 4ω
3
(2 + λB2)θ = −2t2. (18)
Last equation is easily recognized as non-homogeneous Cauchy-Euler equation and its solution is
found as
θ(t) = c1t
m+ + c2t
m− +
3t2
2ω(λB2 − 1)− 3 , (19)
with m± =
1
2
− ω ±
√
ω2 − ω + 1
4
+
4ω
3
(2 + λB2), (20)
where c1 and c2 are integration constants. Unless one choose c1 = c2 = 0, it is impossible to obtain
4
pressure and the density in the form c/an with constant c and rational n. Therefore we obtain the
scale factor and the Jordan field as
a(t) =
√
3
2B2ωλ− (2ω + 3)t, φ(t) =
√
3
2B2ωλ− (2ω + 3)
B
a(t)
. (21)
This choice satisfies the φ equation which always is equal to zero. By using the gravitational field
equations one can easily calculate energy, pressure and equation of state as
ρ =
9B2[B2ωλ− 2(2ω + 3)]
[2B2ωλ− (2ω + 3)]2
1
4ωa4
, (22)
p =
9B2[B2ωλ− 2(2ω + 3)]
[2B2ωλ− (2ω + 3)]2
1
12ωa4
, (23)
ν =
p
ρ
=
1
3
. (24)
Note that in this era although we have not imposed the ansatz φ(t) = A
′
/a(t), we have ended
up with it.
After this point we will continue with results of section 5 where we match solutions for each era.
Continuity of φ(t) and a(t) at the passage from scale invariant phase to linearly expanding era gives
a(t) =
√
2A2ωλ− 3
2ω + 3
t, B = A
√
2ω + 3
2A2ωλ− 3 . (25)
2.3 Creation of matter in the late radiation dominated era
We assume that creation of matter in radiation dominated era causes small changes in the Jordan
field and in the scale factor. Thus we start the ansatz,
φ˜(t) =
A
Bt
+ ψ(t) with ψ(t) = utm, (26)
a˜(t) = Bt + α(t) with α(t) = vtn, (27)
B =
√
2A2ωλ− 3
2ω + 3
(28)
and ψ and α are small. First we write all three equations in terms of new functions. In addition
we neglect second and higher order terms (α2, ψ2, αψ, ...) in the corrections in the perturbations of
α and ψ. We easily obtain the constant v ∼ t2+m−n from the φ equation. It follows that we must
choose m = n− 2 to keep v constant. Then energy density becomes
ρ =
C1
t4
+
C2
t5−n
, (29)
with C1 and C2 are constants. Thus we choose n = 2 to have two component energy density which
is composed of a radiation part and a matter part
ρ =
Cr
a4
+
Cm
a3
, (30)
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where
Cr = −
3A2(−2 + A2ωλ)
4ω
, (31)
Cm = −Au[27 + 2ω(6 + A
2λ(−12− 5ω + 2A2ωλ(2 + ω)))]
2ω[−9− 5ω + 2A2ωλ(2 + ω)] . (32)
Now we will take care of positivity of energy density. We have found 3/2 < A2ωλ < 2 at the end
of the discussion of section 2.1. In addition A, λ, ω are all positive parameters. In this scope the
parameter u must be chosen as a positive number to ensure positivity of energy density.
The parameter which determines whether the universe is accelerating or decelerating is v which
is found as
v =
u(−3 + 2A2ωλ)[−ω + 2A2ωλ(1 + ω)]
A(3 + 2ω)[−9− 5ω + 2A2ωλ(2 + ω)] . (33)
By using the information given in the last paragraph v is found to be negative. Since n = 2 (27)
tells us that introducing matter in the radiation dominated era causes deceleration.
3 Early Inflation in the radiation dominated era
Here we relax our constraint φ(t) =
A
a(t)
. However we will keep matching our solution for the
Jordan field which was found to be
φ(t) =
A√(
2A2ωλ−3
3+2ω
)
t2 + b1t+ b2
. (34)
We see that as t goes to zero, φ becomes constant and to investigate this behaviour we look for a
solution
φ(t) = F. (35)
φ equation becomes
F 3λ− 3F
2wa2
(1 + a˙2 + aa¨) = 0. (36)
We have again used the change of variable method to solve the differential equation by introducing
θ(t) = a2(t). Then the equation immediately reduces to
θ¨ − 4ωλF
2θ
3
= −2, (37)
and the positive solution for the scale factor of the universe is
a(t) =
√
c1eαt + c2e−αt +
3
2ωλF 2
, α = 2F
√
ωλ
3
. (38)
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Energy density and pressure are easily calculated by substitution of a(t) and φ(t) in equations (6-7)
p =
9− 16c1c2F 4ω2λ2
48ω2λa4
, (39)
ρ =
9− 16c1c2F 4ω2λ2
16ω2λa4
, (40)
ν =
p
ρ
=
1
3
. (41)
To have ρ > 0 we must satisfy the condition 9− 16c1c2F 4ω2λ2 > 0.
To simplify our result let us choose c1 = d1/α2 and c2 = d2/α2 where d1 > 0. Then we have
a(t) =
1
α
√
d1eαt + d2e−αt + 2. (42)
Choosing the integration constant d1 and d2 such that a(t) is minimum at t = 0 gives us d1 = d2
and a(t) must approach a positive non-zero value at t = 0. Therefore our results become
a(t) =
√
2
α
√
d1 cosh(αt) + 1, (43)
ρ(t) =
9(1− d21)
16ω2λa4
, p =
ρ
3
, (44)
where 0 < d1 < 1.
We can also choose a(t) = 0 when t = 0 with d2 = −2 − d1. Then we obtain
a(t) =
√
2
α
√
d1 sinh(αt) + 1− e−αt, (45)
ρ(t) =
9(1 + d1)
2
16ω2λa4
, p =
ρ
3
, (46)
with 0 < d1.
These results indicate that early inflation took place in the radiation dominated era under the
effect of the Brans-Dicke-Jordan field.
4 Temperature Calculations
The relation between energy density, pressure and temperature had already been derived as
dp(T )
dT
=
1
T
[ρ(T ) + p(T )]. (47)
In our calculations pressure and energy density is a function of time. Thus we apply chain rule and
obtain the temperature as
T = T0exp


∫ t
t0
dp(t
′
)
dt′
ρ(t′) + p(t′)
dt
′

 , (48)
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where T0 is the reference temperature of the universe when it evolves with the scale factor a(t0).
For the early universe, both choices of the scale factor gives the same temperature-time relation
which is found as
T = T0
a(t0)
a(t)
. (49)
For the scale-invariant phase we have
T = T0
a˜(t)2a(t0)
3
a˜(t0)2a(t)3
, (50)
a˜(t) =
√(
2A2ωλ− 3
3 + 2ω
)
t2 + b1t +
(3 + 2ω)b21 − 4b2
8(2−A2ωλ) . (51)
For the linearly expanding radiation dominated era we have obtained
T = T0
a(t0)
a(t)
or T =
T˜0
t
, (52)
which is the standard time-temperature relation in the radiation dominated era.
For the era where we introduce matter into radiation temperature is more complicated than the
other cases and we find the temperature to be given by
T =
(c1 + uc2t)
r
t
with
1
4
< r < 1, (53)
where c1 and c2 are constant. Note that the constant perturbation term u ≪ 1. Hence by using a
series expansion the temperature can be written as
T = T∞
(
1 +
t1
t
)
, (54)
where T∞ and t1 are constant. Physically T∞ will denote the approximate temperature at the end
of the radiation dominated era provided that t1 can be chosen small compared to the time elapsed
from big bang to the end of the radiation dominated era.
5 Matching the solutions
In this section we will try to match solutions of the scale factor, the Jordan field and the energy
density for different eras which follow each other in time. We will not be interested in pressure
and temperature because microscopic events can affect them. Let us call the scale factor of the
universe a1(t) for the early inflation era, a2(t) for the scale invariant era, and a3(t) for the late
radiation dominated era. Similarly we name the Jordan field solutions as φ1(t), φ2(t) and φ3(t) and
the energy densities as ρ1(t), ρ2(t), ρ3(t) respectively. Initially we have tried to match φ1(t) with
φ2(t) smoothly at a certain time. Then we try to match a1(t) with a2(t) smoothly at the same
certain time. Thus we obtain four equations for continuity of φ(t), φ˙(t), a(t) and a˙(t). However it
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is only possible to have three equations satisfied at the same boundary. We eliminate continuity of
a˙(t). Consequently we end up with the following equations
φ1(t) = φ2(t) at t = t1, (55)
φ˙1(t) = φ˙2(t) at t = t1, (56)
a1(t) = a2(t) at t = t1. (57)
The passage from early inflation to scale invariant phase occurs at time t1 where
t1 = − 3 + 2ω
2(2A2ωλ− 3)b1. (58)
When we use a1(t) =
√
2
α
√
d1 cosh(αt) + 1 we obtain
d1 =
2A2ωλ− 3
3 cosh(αt1)
, (59)
so that the condition 0 < d1 < 1 satisfied. When we have a1(t) =
√
2
α
√
d1 sinh(αt) + 1− e−αt
d1 =
2A2ωλ− 3
3 sinh(αt1)
+
e−αt1
sinh(αt1)
, (60)
so that the condition 0 < d1 satisfied.
By using the information obtained above and 3/2 < A2ωλ < 2 one can easily compare energy
densities for the early universe and the scale-invariant phase. It is seen that there is a loss in energy
density at the passage.
Now we will study matching the scale-invariant phase with the linearly expanding radiation
dominated era. We can satisfy only continuity of a(t) and φ(t). This gives the following results
t2 =
−b2
b1
, B = A
√
2ω + 3
2A2ωλ− 3 . (61)
Therefore when we combine the outcomes of the two matching procedure, scale factors for second
and third eras can be written as
a2(t) =
√
(
2A2ωλ− 3
2ω + 3
)[t2 + 2t1(t2 − t)], (62)
a3(t) =
√
2A2ωλ− 3
2ω + 3
t. (63)
Again it is found that there is a loss in the energy density at the passage.
6 Conclusion
There are three gravitational field equations given by (6-8) with four unknowns a(t), φ(t), ρ(t)
and p(t). Therefore it is impossible to solve them without any further information. Usually one
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chooses an appropriate energy density to find the solution for the desired era. However our approach
to the problem is different. We have used the scale invariant ansatz φ(t) = A/a(t) and obtained an
exact solution for the Jordan field and the scale factor which evolves from radiation and stiff fluid
combined phase to a radiation phase. Similar result have been found in the standart model [32]
before our study. We have named this combined phase as the scale invariant phase and by investi-
gating the behaviour of the Jordan field backward in time, we have found a universe which starts to
expand exponentially at big bang with pure radiation. Similarly, investigating the behaviour of the
Jordan field by extrapolating forward in time we again obtain a pure radiation dominated phase
which expands linearly. We have found that introducing matter in this linearly expanding late
radiation era causes deceleration. Furthermore we have presented the time-temperature relations
for each era. As a result we have not only found the scale factor and the Jordan field for each era
but also we have found the order of the relevant eras in time. In the last part of the calculations we
have matched solutions for φ(t) and a(t) at the boundaries of the eras. Thus the three important
features of closed space-like section, radiation domination and primordial inflation can be explained
by JBDT model.
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